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1 Linear Stability Criterion

Let u, be an equilibrium solution to

The solution u.(x) is a stable solution to
d?u,

de + f(ue) = 0
d d

—ue(0) = —u.(L) =0

7y e(0) = ——ue(L)
if and only if there is no pair (g,\) , where g(x) is some function that is
not identically zero for 0 < x < L, where A € R, and where the following
constraints are satisfied.
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A solution is unstable if there is even one such pair (g, \) that obeys the
above conditions.



Some Heuristic Justifications

. The solutions to (1) or (2) that are close to the equilibrium solution
ue(z) can be written as

u(t, r) = ue(z) + w(t, x),
where |w] is small when near x and ¢ under consideration.

. If |w]| is small, then

Flue+w) = f(u) _ df

w du

= z(x).
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So we can replace f(u.(z) + w(x)) by
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Substituting this replacement expression into (1), we get
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There is nothing mysterious going on here. We are just estimating f(u)
with its first-order Taylor series representation.

(te +w) + f(ue) + z(z)w. (4)

. Since u, is independent of time and obeys (3), equation (4) becomes
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The boundary conditions for w are now
ow ow
——(t,0) = —(t, L) = 0.
S2(t,0) = 52 (L) = 0 (©
To write
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we have to know u.. Equation (5) is much simpler than equation (1),
because w appears as a first power and not as some potentially com-
plicated function like f(u, + w).
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4. We can now solve (5) and (6) using the separation of variables tech-
nique. Let w(t,z) = A(t)g(x). Then

dA d*g
o) = AN TL + AD)g(x)z(x)
or
1dA u@

Adr  gae AW

This gives us two equations

dA
= - )\A2 (7)
M) = 5SS+ o)), 8

The solution to (7) is A = A(0)eM. If there exists a A > 0 and a
g(z) # 0 such that
dg| - _dg
dr|,_, C dx

then there exists a solution w(t, z) = A(0)eMg(x) such that |w| /4 0 as
t — oo. Therefore, we have an unstable solution.

=0,

z=L
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